Birefringence of optical waveguides is closely related to the anisotropy of thermal stresses in the core. Closed-form solutions for estimating the thermal stresses in the cladding layers and in the core of an embedded channel waveguide are presented. The solutions are verified by finite-element simulation. It is found that the thermal stress in the core in the direction perpendicular to the wafer cannot be ignored, and one can tune the core stress anisotropy in the plane normal to the light-propagation direction by varying the thermal-expansion mismatch between the upper cladding layer and the substrate. © 2003 Optical Society of America OCIS codes: 260.1440, 230.7380, 230.7390, 160.6030, 230.4170, 260.5430. Birefringence is an important issue in integrated optical systems. One of the major causes of birefringence is the anisotropic distribution of the stresses induced by the thermal-expansion mismatch among dissimilar materials.
Birefringence is an important issue in integrated optical systems. One of the major causes of birefringence is the anisotropic distribution of the stresses induced by the thermal-expansion mismatch among dissimilar materials. 1 -3 To aid in the design of polarization-independent waveguides, it is very useful to obtain a closed-form solution to estimate the thermal stresses in a waveguide. Recently, several approximate solutions were proposed, 4 -6 but they appear to be less than satisfactory, as shown below. In this Letter a new method to estimate the thermal stresses in the cladding and the core of an embedded channel waveguide is proposed. The solutions are verif ied by accurate solution and f inite-element simulation.
Figures 1(a) and 1(b) show an embedded channel waveguide structure. When the temperature changes, the thermal-expansion mismatch between the substrate and the waveguide will cause biaxial stress in the waveguide, and the thermal-expansion mismatch between the core and the cladding will cause additional stresses in the core. In this Letter I f irst discuss the biaxial stress in the cladding layers and then discuss the stresses in the core.
As the waveguide is very thin compared with the substrate, the in-plane strain is nearly uniformly distributed in the upper and lower cladding layers, except around the cores, and these two layers can be equivalent to a single layer. Therefore the whole structure can be treated as a double layer (equivalent cladding layer on substrate), which was f irst determined by Timoshenko. 7 By using the condition ͑t uc 1 t lc ͒͞t s ø 1, the temperature sensitivity of the in-plane strain in the waveguide, def ined as a w , can be estimated as
where E ‫ء‬ E͑͞1 2 n͒ is def ined as biaxial modulus, and E, n, a, and t are the Young modulus, the Poisson ratio, the coefficient of thermal expansion, and the thickness, respectively. Because the upper and lower cladding layers are constrained by the substrate, the in-plane strains in the two layers are almost the same. The biaxial stress in these two layers can be quite different, depending on the Young's modulus and the thermal-expansion coefficient. The biaxial stresses in the lower cladding layer, s lc , can be expressed as
where DT is temperature change. It is important to note that the stress in the cladding in the x direction (perpendicular to the wafer) is very small, as the cladding layers are very thin, but this is not true for the case in the core, as shown below. By using Eqs. (1) and (2), we can study the effects of the upper cladding layer on the biaxial stress in the lower cladding layer. Figure 2 shows (2), and the filled circles are the accurate solution for a trilayer structure. 8 The curves at the upper part are the results of Ref. 6. the biaxial stress in the lower cladding layer as a function of upper cladding layer thickness. The material properties are the same as those in Ref. 6 . The curves at the lower part of the f igure are Eq. (2), and the f illed circles are the accurate trilayer model solution. 8 Our simple solution provides the right trend, and the prediction is very close to the accurate solution when ͑t uc 1 t lc ͒͞t s , 0.1, which is the case for most waveguides. Varying the thickness and composition of the upper cladding results in biaxial stress in the lower cladding that is always compressive. This prediction is quite different from that of Ref. 6 , which suggests that the stress in the lower cladding will change from tensile to compressive when the thickness of the upper cladding is varied, as shown in Fig. 2 . The reason for this disagreement is that in Ref. 6 the trilayer solution is improperly treated as the summation of two doublelayer solutions. Because the substrate is much thicker than the cladding layers, the biaxial stress in the lower cladding is determined mainly by the biaxial modulus of the lower cladding and the thermalexpansion mismatch between the lower cladding and the substrate, as shown in Eq. (2). The thin upper cladding plays a less important role in determining the biaxial stress in the lower cladding layer. This does not mean that the upper cladding cannot reduce the polarization dependence, because the birefringence is caused mainly by the stress anisotropy in the core, not in the cladding. I will address this issue below.
To study the birefringence, it is important to obtain the stresses in the core. Figure 1(b) shows rectangular cores embedded in cladding materials. A numerical method is normally necessary to obtain the stress distributions in this kind of waveguide, as the stresses in the core are inhomogeneous and anisotropic. 2, 3 To obtain the closed-form solution, we neglect the effect of stress inhomogeneity on the birefringence. This assumption seems good for a slab waveguide 1 but may lead to error for an embedded channel waveguide with a small and high-index core. 2 As the first attempt, we just accept this assumption.
Because the waveguide is very thin compared with the substrate and the core is very long in the z direction (light-propagation direction) compared with the other two directions, the strain in the z direction is the same as that of the substrate, i.e., e core zz e uc zz a w DT . This is a generalized plane strain problem. The stress diagrams of the core and the cladding just beside the core are shown in Fig. 1(c) . As the core and cladding are taken to be isotropic materials, the strains in the core and cladding can be expressed as e xx ͑s xx ͞E 0 ͒ 2 n 0 ͑s yy ͞E 0 ͒ 1 a 0 DT and e yy ͑s yy ͞E 0 ͒ 2 n 0 ͑s xx ͞E 0 ͒ 1 a 0 DT , where E 0 E͑͞1 2 n 2 ͒, n 0 n͑͞1 2 n͒, and a 0 ͑1 1 n͒a 2 na w are, respectively, the plane strain Young's modulus, the Poisson ratio, and the thermal-expansion coeff icient. k 1 and k 2 in Fig. 1(c) are the average stress concentration factors along interfaces 1 and 2, respectively. They are determined by the shape, thickness, width, and spacing of the cores and by the thickness of the cladding. A finite-element method or stress concentration table is normally required for estimating k 1 and k 2 . For most waveguides, the spacing of the core and the thickness of the cladding layers are somewhat greater than the size of the core; then, k 1 and k 2 values can be estimated from the stress distribution around rectangular holes in an infinitely large body, which was studied in Ref. 9 . Several cases are listed below: k 1 ഠ k 2 ഠ 2 for w core ͞t core ഠ 1, k 1 ഠ 1.3 and k 2 ഠ 2.3 for w core ͞t core ഠ 3.2, and k 1 ഠ 1.2 and k 2 ഠ 5 for w core ͞t core ഠ 5.
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Because there is no debonding at interfaces 1 and 2, the strain in the y direction should be continuous at interface 1, and that in the x direction should be continuous at interface 2, i.e., e core yy e uc yy at interface 1 and e core xx e uc xx at interface 2. The continuity conditions lead to stresses in the core of For most cases, the core stress in the x direction (perpendicular to the wafer), s core xx , cannot be ignored, although the stress in the cladding in the x direction is very small. The stresses in the core are different in the x and y directions, which can cause birefringence. 
Equation (6) shows that, for the waveguide with a nearly square core, where k 1 ഠ k 2 ഠ 2, 9 the thermalexpansion coeff icients of the lower cladding and the core do not significantly inf luence the stress anisotropy. By varying the thermal-expansion mismatch between the upper cladding and the substrate, one can tune the stress anisotropy in the plane perpendicular to the light-propagation direction to adjust the birefringence and can also tune the polarization dependence. These predictions are consistent with the numerical simulation and experimental results. In the calculation, n core n uc 0.2, k 1 k 2 2, and the other parameters are the same as those in Fig. 5 of Ref. 5 . Finite-element simulation shows a trend similar to that of the model presented here and weak dependence of the stresses in the core on the spacing of the cores when w core ͞w uc , 1, which is also consistent with the present model. Both numerical simulation and the present model suggest that when the parameters in Fig. 5 The closed-form solutions to estimate the thermal stresses in the core of an embedded channel waveguide have been obtained. The solutions are verified by f inite-element simulation. The results show that the thermal stress in the core in the direction perpendicular to the wafer cannot be ignored. By changing the thermal-expansion mismatch between the upper cladding and the substrate, one can control the stress anisotropy in the core.
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